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Abstrat
A relationship of the random walks on one-dimensional periodi lattie and the orrela-
tion funtions of the XX Heisenberg spin hain is investigated. The operator averages
taken over the ferromagneti state play a role of generating funtions of the number
of paths made by the so-alled viious random walkers (the viious walkers annihi-
late eah other provided they arrive at the same lattie site). It is shown that the
two-point orrelation funtion of spins, alulated over eigen-states of the XX magnet,
an be interpreted as the generating funtion of paths made by a single walker in a
medium haraterized by a non-onstant number of viious neighbors. The answers are
obtained for a number of paths made by the desribed walker from some xed lattie
site to another suiently remote one. Asymptotial estimates for the number of paths
are provided in the limit, when the number of steps is inreased.
Keywords: random walks, Heisenberg magnet, orrelation funtions
1 Introdution
The random walks is a lassial problem both for ombinatoris and statistial physis.
The problem of enumeration of the paths made by the, so-alled, viious walkers on the
one-dimensional lattie has been formulated and investigated in details by Fisher [1℄. It
is supposed that any two viious walkers, provided both arrive at the same lattie site,
annihilate not only one another but all other walkers as well. The problem mentioned still
ontinues to attrat onsiderable attention both of physiists and mathematiians [2℄ [9℄.
Closely related problems arise also in the studies of the self-organized ritiality [10℄, domain
walls [11℄, and polymers [12℄. In paper [13℄ a random walks of the annihilating partiles on
a ring was onsidered. In paper [14℄ a random turns walks on a semi-axes with a possible
reation of the partiles at the origin was studied.
It has been shown in [15℄, [16℄ that the orrelation funtions, obtained as an averages
over the ferromagneti state of the XX Heisenberg hain, an be used for enumeration of
the paths of random walks of viious walkers. In the present paper the averages of speial
type are investigated both for the ase of ferromagneti state and for superposition of the
eigen-states of the XX magnet in zero magneti eld. The averages in question play a role
of the generating funtions of number of paths of the viious walkers. The alulation of
the orrelation funtions is arried out by means of the funtional integration [17℄, [18℄. The
answers are obtained for the number of paths of a single pedestrian whih is travelling from
one hosen site to another suiently remote lattie site. The asymptotial estimates are ob-
tained for the number of paths in the limit, when the number of steps (and, orrespondingly,
the number of random turns) is inreasing.
The paper is organized as follows. Setion 1 has an introdutory harater. The Hamil-
tonian of the model and general alulation of the orrelation funtions are disussed in
Setion 2. Setion 3 deals with the spei alulations and the orresponding asymptoti
estimates. Disussion in Setion 4 onludes the paper.
2 The model and the orrelation funtions
The XX magnet we are interested in is a partiular limit of a more general spin model
known as the XY Heisenberg hain, with the Hamiltonian in the transverse magneti eld
h > 0 given by [19℄, [20℄:
H = H0 + γH1 − hSz,
H0 ≡ −
M∑
n,m=1
∆(+)nmσ
+
n σ
−
m,
H1 ≡ −1
2
M∑
n,m=1
∆(+)nm(σ
+
n σ
+
m + σ
−
n σ
−
m), S
z ≡ 1
2
M∑
n=1
σzn,
(1)
where Sz is z-omponent of the total spin operator, and γ is the anisotropy parameter. The
loal spin operators σ±n = (σ
x
n± iσyn)/2 and σzn are given by the Pauli matries, whih depend
on the lattie argument n ∈M ≡ {1, 2, . . . ,M}, where M = 0 (mod 2). The orresponding
ommutation relations have the form:
[σ+k , σ
−
l ] = δk,lσ
z
l , [σ
z
k, σ
±
l ] = ±2δk,lσ±l .
2
The introdued hopping matrix ∆(s) is dened by the following entries:
∆(s)nm ≡
1
2
(δ|n−m|,1 + sδ|n−m|,M−1), (2)
where δn,l is the Kroneker symbol, and s an take two values: s = ±. It is assumed that
the periodi boundary onditions σαn+M = σ
α
n are imposed for any n ∈M. The Hamiltonian
H (1) is redued to the Hamiltonian of the XX magnet at zero value of the parameter γ.
The most general denition of the time t and temperature T ≡ 1/β dependent orrelation
funtions of the model under onsideration looks as follows:
Gabj;l(t) ≡
1
Z
Tr(σaj (0)σ
b
l (t)e
−βH), Z ≡ Tr(e−βH), (3)
where σbl (t) ≡ eitHσbl e−itH and Tr means the averaging with respet to all eigen-states of the
HamiltonianH . In addition, the normalization involves the partition funtion Z. Calulation
of the orrelators (3) has been arried out in [21℄ as averaging over all eigen-funtions of the
Hamiltonian of the XX magnet. In [21℄ the main attention has been paid to a relationship
between the orrelation funtions and the Fredholm determinants in the thermodynami
limit. In the present paper we shall onsider the XX hain only and denote its Hamiltonian
by H .
To alulate the averages (3) one an use a representation of the anonial Fermi vari-
ables cj , c
†
j, j ∈M through the spin variables [19℄, [20℄. The orresponding JordanWigner
transformation has the form:
σ+n =
( n−1∏
j=1
σzj
)
cn, σ
−
n = c
†
n
( n−1∏
j=1
σzj
)
, n ∈M, (4)
where σzj = 1 − 2c†jcj. The periodi boundary onditions for the spin variables lead to the
following boundary onditions for the Fermi variables:
cM+1 = (−1)N c1, c†M+1 = c†1(−1)N , (5)
where N = ∑Mn=1 c†ncn is the operator of the total number of partiles. The Hamiltonian
H (1) takes the following form in the fermion representation [19℄, [20℄
H = H+P+ +H−P−, (6)
where P+ (P−) are projetors on the states haraterized by an even/odd number of fermions:
P+ + P− = I , P+ − P− = (−1)N .
The operators H± (6) are formally idential, their supersripts s = ± point out an appro-
priate speiation of the boundary onditions (5):
cM+1 = −s c1 , c†M+1 = −s c†1 .
To put it dierently, the quadrati in the fermion variables operators H± has the following
representation:
H± = c†Ĥ±c− Mh
2
, Ĥ± = −∆ˆ(∓) + hIˆ, (7)
3
where the matries Ĥ± are expressed through the hopping matries (2) and Iˆ is the unit
matrix:
Ĥ± =

h −1/2 ±1/2
−1/2 h −1/2
−1/2 h −1/2
. . .
−1/2 h −1/2
±1/2 −1/2 h

(only non-zero entries are displayed). Besides, the short-hand notations c† and c are used
in (7) for the M-dimensional row and olumn with the entries c†n, cn, n ∈M.
In partiular, the orrelator (3) at a = b = z takes the following form in the representa-
tion (4) [18℄, [22℄, [23℄:
Gzzj;l(t) = 1−
2
Z
Tr(c†jcje
−βH)− 2
Z
Tr(c†l cle
−βH) +
4
Z
Tr(c†jcje
itHc†l cle
−(β+it)H). (8)
In order to alulate (8), it is onvenient to introdue the generating funtional [18℄:
G ≡ G(S, T | λ, ν) = 1
Z
Tr(eSe−λHeT e−νH), (9)
where λ, ν are the omplex parameters, λ + ν = β. The quadrati operators S ≡ c†Ŝc and
T ≡ c†T̂ c, used in (9), are dened by means of the matries Ŝ = diag{S1, S2, . . . , SM} and
T̂ = diag{T1, T2, . . . , TM}. For instane, the last term in right-hand side of (8) is obtained
from (9) in the following way:
lim
Sn,Tn→0,
n∈M
lim
λ→−it
lim
ν→β+it
∂
∂Sj
∂
∂Tl
G(S, T | λ, ν). (10)
The trae in right-hand side of (9) an be re-written by means of (6) [18℄:
Tr(eSe−λHeT e−νH) =
1
2
(G+
F
Z+
F
+ G−
F
Z−
F
+ G+
B
Z+
B
− G−
B
Z−
B
), (11)
where
G±
F
Z±
F
≡ Tr(eSe−λH±eT e−νH±),
G±
B
Z±
B
≡ Tr(eSe−λH±eT (−1)N e−νH±),
(12)
and
Z±
F
= Tr(e−βH
±
) , Z±
B
= Tr((−1)N e−βH±) .
Moreover, for the partition funtion Z we obtain the representation:
Z =
1
2
(Z+
F
+ Z−
F
+ Z+
B
− Z−
B
) .
In the thermodynami limit the terms with the subsript B are mutually ompensated,
therefore, in order to obtain G (9) it is enough to alulate G±
F
.
The onsidered fermion representation is haraterized by the existene of the Fok
state |0〉 ommon for both operators H+ and H−, and satisfying the relations ck|0〉 = 0,
k ∈M. However, the orresponding oherent states over |0〉,
|z〉 ≡ exp( M∑
k=1
c†kzk
)
|0〉 ≡ exp(c†z) |0〉 ,
〈
z∗ | ≡ 〈0 | exp( M∑
k=1
z∗kck
)
≡ 〈0 | exp(z∗c) ,
4
are dierent for H+ and H−. Here the short-hand notations z∗ ≡ (z∗1 , . . . , z∗M) and z ≡
(z1, . . . , zM) are used for the sets of independent Grassmann parameters zk, z
∗
k, k ∈ M (it
is appropriate to omit the extra index ± in z∗, z). Besides, ∑Mk=1 c†kzk ≡ c†z, ∏Mk=1 dzk ≡
dz. Let us alulate G±
F
Z±
F
in (12) using the representation of the trae in the Grassmann
integration formalism [18℄:
G±
F
Z±
F
=
∫
dz dz∗ ez
∗z〈z∗|eSe−λH±eT e−νH±|z〉. (13)
In order to represent the right-hand side of this equality as the funtional integral, let us
introdue L new opies of the oherent states |x(I)〉, 〈x∗(I)|, where I ∈ {1, 2, . . . , L}. Eah
of the 2L multi-indies x∗(I), x(I) is expressed by M independent Grassmann parameters.
Using the deompositions of unity one an represent the right-hand side of (13) as the (L+1)-
fold multiple integral. In order to express the quasi-periodiity ondition it is onvenient to
introdue the auxiliary variables:
− Êx(0) = x(L+ 1) ≡ z, −x∗(L+ 1) = x∗(0)Ê−1 ≡ z∗, (14)
where Ê ≡ ebSe−λ bH±e bT . Tending L to innity, we obtain the funtional integral over the
spae of the trajetories x∗(τ), x(τ), where τ ∈ R:
G±
F
Z±
F
=
∫
eS dλ∗ dλ
∏
τ
dx∗(τ) dx(τ). (15)
The ation funtional S ≡ ∫ L(τ) dτ is expressed through the Lagrangian L(τ):
L(τ) ≡ x∗(τ)
(
d
dτ
− Ĥ±
)
x(τ) + J∗(τ)x(τ) + x∗(τ)J(τ),
where
J∗(τ) ≡ λ∗(δ(τ)Iˆ + δ(τ − ν)Ê−1), J(τ) ≡ (δ(τ)Iˆ + δ(τ − ν)Ê)λ.
The integration over the auxiliary Grassmann variables λ∗, λ in (15) guarantees the fullment
of the onstraints (14). The δ-funtions in J∗(τ), J(τ) redue τ ∈ R to τ ∈ [0, β]. The
stationarity onditions δS/δx∗ = 0, δS/δx = 0 result in the following regularized answer [18℄:
G±
F
= det
(
Iˆ +
e(β−ν)
bH±ebSe−λ bH
±
e
bT − Iˆ
Iˆ + eβ bH±
)
. (16)
Furthermore, we substitute (16) into (10) and pass to the momentum representation. The
proedure desribed an also be applied to other orrelators Gabj;l(t) (3), where a, b ∈ {+,−}.
3 Random walks
As it has been shown in [15℄, [16℄, the ips of spins on a one-dimensional lattie may
be assoiated with a random movements of walkers. Indeed, let us onsider a state of
the XX Heisenberg hain, whih orresponds to the ferromagneti ordering of M spins:
|⇑〉 ≡⊗Mn=1 |↑〉n (i.e., all spins are oriented up). Consider the average of the following type:
Fj;l(λ) ≡ 〈⇑|σ+j e−λH0σ−l |⇑〉, (17)
5
where the notation H0 implies that the zero magneti eld h = 0 is taken in the Hamilto-
nian (6), (7) (we shall omit the same subsript for the orresponding matries Ĥ± (7)), and
λ ∈ C is an evolution parameter. Up (or down) diretion of spin orresponds to the
empty (or lled) site. Dierentiating Fj;l(λ) (17) and expanding the ommutator [H0, σ
+
j ]
we obtain the dierenedierential equation:
d
dλ
Fj;l(λ) =
1
2
(Fj+1;l(λ) + Fj−1;l(λ)) (18)
(and similar equation an be also obtained for the xed index j). Solution of the given
equation is speied by the boundary onditions imposed on the lattie argument, and by
the initial ondition at λ = 0.
The average Fj;l(λ) an be onsidered as the generating funtion of the trajetories with
random turns that start at the l-th site and end up at the j-th site. Indeed, let us introdue
the notation DKλ for the operator of dierentiation of K-th order with respet to λ at the
point λ = 0. The appliation of DKλ to the average (17) leads to the answer:
DKλ
[
Fj;l(λ)
]
= 〈⇑ |σ+j (−H0)Kσ−l | ⇑〉 =
∑
n1,...,nK−1
∆
(+)
jnK−1
. . .∆(+)n2n1∆
(+)
n1l
. (19)
The right hand side of (19) oinides with the entry at the rossing of the j-th row and the
l-th olumn of the matrix given by the produt of K opies of the hopping matrix (2). Eah
matrix in this produt orresponds to a transition between the two nearest sites of the lattie.
After multipliation by 2K (this is due to the aepted normalization of the matrix (2)), the
right-hand side of (19) gives the number of the trajetories that onsist of K steps and are
onneting the l-th and j-th sites. Let us denote this number by |PK(l → j)|.
Let |PK(l1, . . . , lN → j1, . . . , jN)| be a number of trajetories onsisting of K links made
by N viious walkers in the random turns model. Here, the initial and nal positions of
the walkers on the sites are given respetively by the sequenes l1 > l2 > · · · > lN and
j1 > j2 > · · · > jN . Let us onsider the N-point orrelation funtion (N ≤M):
Fj1,j2,...,jN ;l1,l2,...,lN (λ) = 〈⇑|σ+j1σ+j2 . . . σ+jN e−λH0σ−l1σ−l2 . . . σ−lN |⇑〉. (20)
The present orrelator is related to enumeration of the admissible trajetories whih are
traed by N viious walkers. Indeed, the appliation of the operator DKλ/2 to (20) results in
the average of the type
〈⇑|σ+j1σ+j2 . . . σ+jN (−2H0)Kσ−l1σ−l2 . . . σ−lN |⇑〉 .
This average provides the numbers |PK(l1, . . . , lN → j1, . . . , jN )| that an be established with
the help of the ommutator
[H0, σ
−
l1
σ−l2 . . . σ
−
lK
] =
K∑
k=1
σ−l1 . . . σ
−
lk−1
[H0, σ
−
lk
]σ−lk+1 . . . σ
−
lK
(21)
(in this ase, dierentiation with respet to λ/2, instead of λ, allows to take into aount the
normalization of the hopping matrix (2)). The ondition of non-intersetion of trajetories
of the walkers is expressed by the vanishing of the orrelation funtion (20) for any pair of
oiniding indies lk or jp.
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Dierentiating (20) with respet to λ and applying (21), we obtain the equation:
d
dλ
Fj1,...,jN ;l1,...,lN (λ) =
1
2
N∑
k=1
(
Fj1,...,jN ;l1,l2,...,lk+1,...,lN (λ) + Fj1,...,jN ;l1,l2,...,lk−1,...,lN (λ)
)
. (22)
Equation (22) has been onsidered in [16℄ for the ase of periodiity with respet to the
lattie argument and with the initial ondition:
Fj1,...,jN ;l1,...,lN (0) =
N∏
m=1
δjm,lm .
The funtion Fj1,j2,...,jN ;l1,l2,...,lN (λ) an be expressed as the determinant of the matrix on-
sisting of the averages of the type of (17) [16℄:
Fj1,...,jN ;l1,...,lN (λ) = det
(
Fjr;ls(λ)
)
1≤r,s≤N
. (23)
3.1 Random walks on the axis
Let us onsider an innite hain (M →∞). Then, the modied Bessel funtion Ij−l(λ) turns
out to be a solution of equation (18), whih respets the ondition Fj;l(0) = δj,l [15℄:
Fj;l(λ) = Ij−l(λ) =
1
2pi
∫ pi
−pi
dθ eλ cos θei(j−l)θ. (24)
There exists the following expansion into the power series for Ij−l(λ):
Ij−l(λ) =
∑
Q≥|l−j|
1(
Q−j+l
2
)
!
(
Q+j−l
2
)
!
(
λ
2
)Q
, (25)
where the summation index Q is subjeted to the requirement: Q+ |j − l| = 0 (mod 2). In
the limit of large time (λ → ∞) and for moderate values of m ≡ |l − j|, using the known
asymptotis for the Bessel funtion, we obtain for the generating funtion:
Fj;l(λ) ≃ e
λ
√
2piλ
(
1− 4m
2 − 1
8λ
+ · · ·
)
,
where the deay is governed by the ritial exponent ξ = −1/2.
Let the number K satises the relations K ≥ |l− j| and K + |j − l| = 0 (mod 2). Then,
dierentiation of the series (25) leads to the binomial relation |PK(l → j)| = CLK for the
number of all lattie paths of the length K between two sites on the innite axis:
|PK(l → j)| ≡ DKλ/2[Fj;l(λ)] =
(m+ 2L)!
L! (m+ L)!
. (26)
Here L denotes the one-half of the total number of turns: L ≡ (K −m)/2.
Let us onsider now the multi-point orrelation funtion Fj1,j2,...,jN ;l1,l2,...,lN (λ). As it has
been shown above, DKλ/2[Fj1,...,jN ;l1,...,lN (λ)] has the sense of the number of trajetories of N
viious walkers eah of whih has made K steps. A dierent ombinatorial interpretation
of this objet, however, an be proposed. Really, let us onsider a representation of the
multi-point orrelator in the form of the determinant (23). Its entries Fjr ;ls(λ) in the ase of
7
an innite hain are given by the Bessel funtion Ijr−ls(λ) (24). The operator DKλ/2 ats on
the determinant as the dierentiation of the produt of N funtions:
(f1(x)f2(x) . . . fN(x))
(K) =
∑
n1+n2+···+nN=K
P (n1, n2, . . . , nN)f
(n1)
1 f
(n2)
2 . . . f
(nN )
N . (27)
The notation f (n) ≡ dnf(x)/dxn is used here, and the oeients P (n1, n2, . . . , nN) are the
numbers of permutations with repeats:
P (n1, n2, . . . , nN ) ≡ (n1 + n2 + · · ·+ nN )!
n1!n2! . . . nN !
. (28)
Summation in (27) is over all non-negative values of n1, n2, . . . , nN , provided their sum is
equal to K.
Suppose further, that anN-dimensional (hyper-)ubi lattie of innite extension is given,
and eah site of this lattie is labelled by a set of N numbers. Let TK(q1, q2, . . . , qN) be the
number of the lattie trajetories that an be traed by some walker from the initial point
O ≡ (0, 0, . . . , 0) to a point (q1, q2, . . . , qN ) in K steps (by a single step the walker an move
to one of the nearest sites). Let all numbers qk be non-negative, and let the inequality
K ≥ q1 + q2 + · · · + qN be fullled, whih means that the steps that an ompensate eah
other are allowed. Let us denote the number of these steps as 2L,
L ≡ K − q1 − q2 − · · · − qN
2
. (29)
Taking into aount (29), the following formula for the number of paths takes plae:
TK(q1, q2, . . . , qN) =
∑
L1+L2+···+LN=L
P (q1 + L1, q2 + L2, . . . , qN + LN , L1, L2, . . . , LN), (30)
where summation is taken over all non-negative values of L1, L2, . . . , LN , provided that their
sum is equal to L, and the formula (28) for the number of permutations with repeats is used.
Turning bak to the funtion Fj1,j2,...,jN ;l1,l2,...,lN (λ) let us dene the matrix (nrs)1≤r,s≤N
with the entries nrs ≡ jr − ls. Then, we arrive to the following
Proposition. The number of trajetories onsisting of K links, whih are traed by N viious
walkers on an axis, is expressed through the number of trajetories of the same length K,
whih are traed by a single walker travelling over sites of N-dimensional lattie of innite
extension:
|PK(l1, . . . , lN → j1, . . . , jN)| ≡ DKλ/2
[
Fj1,...,jN ;l1,...,lN (λ)
]
=
=
∑
Sa1,a2,...,aN
(−1)PSTK(na11, na22, . . . , naNN), (31)
where summation is taken over all permutations Sa1,a2,...,aN ≡ S( 1, 2, ..., Na1, a2, ..., aN ) of the numbers
1, 2, . . . , N , and PS implies a parity of a spei permutation.
Proof. In order to verify (31) one should develop the determinant (23) by a row or by a
olumn and then apply the indution using the relations (26)(30).
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Let us alulate, for instane, (30) at N = 2:
TK(q1, q2) = Cq1+Lq1+q2+2L
L∑
k=0
CL−kq1+LC
k
q2+L
= Cq1+LK C
L
K , (32)
where L = (K − q1 − q2)/2 denotes one-half of the total number of turns. Then, using (31)
we obtain:
DKλ/2
[
Fj1,j2;l1,l2(λ)
]
= TK(n11, n22)− TK(n21, n12) =
∣∣∣∣∣CLK CL+n21KCLK CL+n11K
∣∣∣∣∣ , (33)
where L = (K − n11 − n22)/2 and the equality n11 + n22 = n12 + n21 is used.
Representation of the entries Fj1,j2,...,jN ;l1,l2,...,lN (λ) (23) in the integral form (24) allows
to obtain the following expression [15℄:
Fj1,...,jN ;l1,...,lN (λ) =
eλN
N !
N∏
i=1
(∫ pi
−pi
dθi
2pi
)
e−λ
PN
k=1(1−cos θk) ×
× Spi(eiθ1 , eiθ2 , . . . , eiθN )
∏
1≤j<k≤N
|eiθj − eiθk |2,
(34)
where Spi(e
iθ1 , eiθ2, . . . , eiθN ) is the Shur funtion [24℄,
Spi(x1, x2, . . . , xN ) ≡
det(xpik+N−kj )1≤j,k≤N
det(xN−kj )1≤j,k≤N
. (35)
The Shur funtion (35) depends on the partition pi = (pi1, pi2, . . . , piN) dened by a sequene
of non-negative integers, whih are ordered aording to non-strit dereasing: pi1 ≥ pi2 ≥
· · · ≥ piN ≥ 0. In virtue of translational invariane it is always possible to hoose the numbers
l1 > l2 > · · · > lN ≥ −N for the initial position of the walkers and to dene the elements
of the partition by the equalities pik = lk + k. In order to alulate the leading asymptotis
of the generating funtion in the limit λ → ∞, let us transform the integral (34) into the
following integral [7℄, [25℄:∫
dnθ
∏
1≤j<k≤N
|θj − θk|2e−λ/2
PN
k=1 θ
2
k =
(2pi)N/2
λN2/2
( N∏
p=1
p!
)
.
It is a speial ase of the Mehta integral, whih arises in the theory of the Gaussian matrix
ensembles. Finally, we obtain the following asymptotis of the generating funtion for the
trajetories traed by N viious walkers:
Fj1,...,jN ;l1,...,lN (λ) ≃ A
eλN
λN2/2
, A =
∏N−1
p=1 p!
(2pi)N/2
∏
1≤j<k≤N
lj − lk
k − j ,
where the well known formula for Sλ(1, 1, . . . , 1) is taken into aount in A [9℄, [25℄. There-
fore, the power-like behavior of Fj1,...,jN ;l1,...,lN (λ) is haraterized by the exponent ξ =
−N2/2.
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3.2 Random walks over superposition of the eigen-states
The eigen-funtions of the XX Hamiltonian, given by the relations (6), (7), are onstruted
as ombinations of the states, obtained by ipping of N spins in the state |⇑〉 [21℄. Indeed,
let us onsider all admissible strit partitions µ = (µ1, µ2, . . . , µN), where M ≥ µ1 > µ2 >
· · · > µN ≥ 1, and establish a orrespondene between eah partition and an appropriate
sequene of zeros and unities:
{
ek ≡ ek(µ)
}
k∈M
, where ek = δk,µn, 1 ≤ n ≤ N . The required
eigen-funtion is dened as:
|ΨN(u1, . . . , uN)〉 =
∑
{ek(µ)}k∈M
ΥN({uk}| µ)(σ−M)eM (σ−M−1)eM−1 . . . (σ−1 )e1 | ⇑〉, (36)
where summation is taken over all strit partitions µ of the given type. The number of suh
partitions is expressed through the number of permutations with repeats (28): P (N,M −
N) = CNM . The wave funtions satisfy the periodi boundary onditions,
ΥN ({uk}|µ) ≡ det(u2µlk )1≤k,l≤N (37)
are parametrized by the partitions µ and by dierent, up to permutation, sets {u1, . . . , uN}
of solutions of the Bethe equations:
u2Mk = (−1)N−1, 1 ≤ k ≤ N. (38)
These solutions have the form: u2k = e
i2piIk/M
, where Ik are integers or half-integers (this
depends on parity of N). Due to the antisymmetry of (36) with the respet to permutations
of the parameters uk, it is suient to restrit oneself to the strit partitionsM ≥ I1 > I2 >
· · · > IN ≥ 1 in order to guarantee the single-valuedness of uk. With the help of (36) the
orresponding normalized average
〈σ+m+1e−λH0σ−1 〉N ≡
〈ΨN |σ+m+1e−λH0σ−1 |ΨN〉
〈ΨN | ΨN〉 (39)
an be represented as a linear ombination of (N+1)-point generating funtions (20). There-
fore, this average is related to the number of random walks of N +1 pedestrians. The initial
and the nal positions of one of them are xed at l1 = 1 and j1 = m+ 1, respetively, while
for the rest (virtual) pedestrians the hoie of their initial and the nal positions is arbitrary.
Calulation of equation (39) is of interest in the thermodynami limit, when M and N
are growing (their ratio remains nite), whih means that the number of virtual pedestrians
is inreasing. In this limit [26℄
F˜m+1;1(λ) ≡ 〈σ+m+1e−λH0σ−1 〉N
∣∣
M,N≫1
def
= Tr′(σ+m+1e
−λH0σ−1 ), (40)
where the notation Tr′ points out that the proedure presented in Setion 2 is used for the
alulation of the normalized average. The dierene-dierential relation, analogous to the
equation (18) is valid for F˜m+1;1(λ) (40):
d
dλ
F˜m+1;1(λ) =
1
2
(F˜m;1(λ) + F˜m+2;1(λ))− Tr′(H0σ+m+1e−λH0σ−1 )−
− Tr′
((
1− σzm+1
2
)
σ+me
−λH0σ−1
)
− Tr′
((
1− σzm+1
2
)
σ+m+2e
−λH0σ−1
)
. (41)
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The form of the present equation makes it possible to suppose that the average F˜m+1;1(λ)
an also be of interest as a generating funtion of the random walks.
Let us turn to the alulation of F˜m+1;1(λ) (40) in the fermioni representation (4). It is
onvenient to redue the problem to alulation of the generating funtion of the form:
G˜ ≡ Tr′(eScm+1e−λH0c†1e−νH0), (42)
where the operator S is dened just like in (9) (i.e., by means of the matrix Ŝ =
diag{S1, S2, . . . , SM}). Indeed, the funtional F˜m+1;1(λ) orresponds to the hoie of ν = 0
and Sk = −ipiθ(m − k), where θ(m − k) is the Heavyside funtion, θ(0) = 1. The seond
term in the right-hand side of (41) orresponds to the dierentiation by ν at the point ν = 0,
in the third term we put ν = 0 and dierentiate with respet to Sm+1. In both ases we put
Sk = −ipiθ(m− k). Taking into aount the fat, that the ontribution of the terms labelled
by the index B in (11) is negligible at suiently large M and N , we approximately obtain:
G˜ ≈
[
tr(e−λ
bH0 eˆ1,m+1)− d
dα
]
det(Iˆ + M̂1 + αM̂2)
∣∣
α=0
,
M̂1 + αM̂2 ≡ e−ν bH0ebSe−λ bH0(Iˆ + αeˆ1,m+1e−λ bH0),
(43)
where eˆ1,m+1 ≡ (δ1,nδm+1,l)1≤n,l≤M . The matrix Ĥ0 is used instead of Ĥ± sine s an be
replaed by zero for the suiently large M .
The relation (43) is written in the oordinate representation. In order to pass to the
momentum representation it is onvenient to use ertain formulas provided in [22℄. Keeping
the matrix notations as in (43), we obtain the answer for F˜m+1;1(λ) (in the limit M → ∞,
the orresponding operations should be understood in the sense of the operations over the
orresponding integral operators [26℄):
F˜m+1;1(λ) = det(Iˆ + Ûm)
[
tr(e−λεˆ0 e˘1,m+1)− tr
( V̂m
Iˆ + Ûm
)]
(44)
(the notation tr, for instane, orresponds to the trae of M ×M matries). The matries
Ûm, V̂m, e˘1,m+1 are given by the orresponding momentum representations of the matries
M̂1, M̂2, eˆ1,m+1 (43). However, we shall need expliit expressions only for the traes tr Ûm
and tr V̂m (see below). In the momentum representation, εˆ0 is a diagonal matrix of the
eigen-energies of the XX model at h = 0 [21℄. Formally expanding F˜m+1;1(λ) in the powers
of Ûm we shall obtain the answer in two lowest orders:
F˜m+1;1(λ) ≈ Fm+1;1(λ) + Fm+1;1(λ) tr Ûm − tr V̂m,
tr Ûm = (M − 2m)F1;1(λ), (45)
tr V̂m = Fm+1;1(2λ)− 2
m∑
l=1
Fm+1;l(λ)Fl;1(λ),
where the notation Fj;l(λ) implies the relations (24). Although M and m are hosen to be
large enough, the ratio m/M is assumed to be nite. Equation (41) is fullled in eah order
separately by the terms presented in F˜m+1;1 (45).
By an analogy with the ferromagneti ase, let us at on F˜m+1,1(λ) (45) by the opera-
tor DKλ/2. Then, in the rst order we shall obtain the relation (26). In the seond order, the
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answer is of the following form:
MCLKC
L
K − CLK
K∑
l=0
C lK + 2
m∑
l=1
∣∣∣∣CL+l−1K CLKCLK CLK
∣∣∣∣ . (46)
By virtue of (33), the result of the appliation ofDKλ/2 to the seond order funtion Fj1,j2;l1,l2(λ)
is onneted, as a partiular ase of (31), with the number of the two-dimensional paths TK ,
and is expressed through the orresponding determinant. It means that it will be appropriate
to express (46) in the following equivalent form:
(M −K)|PK(l → l +m)|2 +
+DKλ/2
[
2
m∑
l=1
∣∣∣∣Fm+1;l(λ) Fm+1;1(λ)Fl;l(λ) Fl;1(λ)
∣∣∣∣− K∑
l=0
∣∣∣∣Fm+L;l(λ) Fm+1;1(λ)Fl;l(λ) Fl;L(λ)
∣∣∣∣
]
. (47)
In other words, the result of appliation of DKλ/2 to (45) in the seond order an be refor-
mulated in terms of the random walks of the two pedestrians (see (23) and (33)) and the
squared number of walks of a single pedestrian. The summation by the index l in tr V̂m (45)
an be interpreted as the summation over positions of a virtual walker in (47).
Using the equation (33), one an represent (47) in terms of the number of trajetories on
a two-dimensional lattie:
(M − 2(m+ 1))TK(m, 0) +
m∑
l=0
TK(m− l, l)−
L∑
l=1
TK(m+ l, l)−
L∑
l=1
TK(l, m+ l). (48)
In this relation various lattie trajetories of K links are enumerated. All these trajetories
start at the same point O = (0, 0) while they terminate on the segments of the dashed
broken line whih onnets the points (L, L+m), (0, m), (m, 0), and (L+m,L) (see gure).
Formally, the sign of the sum is not denite though its asymptotis is positive, in general.
An analogous desription is expeted in the higher orders as well.
Typial onguration.
Let us estimate the behavior of the number of paths, whih is given by the representa-
tion (46), in the limit, when the number of links K = m + 2L inreases. We shall assume,
that the restrition 1 ≪ m ≪ L is valid whih means that m inreases moderately in the
omparison with the inrease of the number of turns L: for instane, let L inrease as m2.
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Using the known asymptotial expansion of the logarithm of the gamma-funtion (see Ap-
pendix) [27℄, one an estimate the binomial oeient CLK . Restriting ourselves by the rst
order of smallness, we obtain:
CLK ≈
2K√
piL
e−m
2/(4L)
(
1− m
2L
(
1− m
2
4L
))
≈ 2
K
√
piL
(
1− m
2
4L
)
∼ 2
2L
√
piL
. (49)
The seond approximate equality in (49) takes plae if L is inreasing faster than m2. The
estimate (49) haraterizes an inrease of the number of the trajetories (26) for a single
pedestrian.
The third term in (46) an be written as 2A(m,L)CLKC
L
K , where
A(m,L) ≡ −m+
m∑
l=1
(L+m+ 2− l)l−1
(L+ 1)l−1
. (50)
Standard notation (α)n for the Pohhammer's symbol is used in (50) [27℄. Applying again
an expansion of the logarithm of the gamma-funtion (A1), we an estimate A(m,L) (50):
A(m,L) ≃ mZ1(m,L)− Z0(m,L) +O(m−1), (51)
where
Z0(m,L) ≡ em2/4L
(
1 +
m
L2
m/2∑
l=0
e−l
2/L
(
m2
4
− l2
))
,
Z1(m,L) ≡ −1 + em2/4L 2
m
m/2∑
l=0
e−l
2/L.
(52)
Let the values m and L inrease with the ratio L/m2 being nite and of order of unity. It
an be shown (by means of numerial hek as well), that the oeient funtions Z0(m,L)
and Z1(m,L) remain nite in this ase, and the ontribution of Z0(m,L) is negligible in
omparison withmZ1(m,L) in (51). One an use Eqs. (49) and (51) in order to estimate (46)
in the leading approximation:
24L
piL
e−m
2/2L(M + 2mZ1(m,L)− (piL)1/2em2/4L). (53)
Beause of the behavior of the oeient Z1(m,L), the orresponding ontribution in (53)
may turn out to be omparable withM . The relation (53) demonstrates that the desription
of the random walks onsidered in the representation of the superposition of the eigen-states
is more ompliated than the one in the ferromagneti ase. This desription an be regarded
as a simultaneous walks of the initial (i.e., prinipal) and virtual pedestrians. The ending
points of the trajetories belonging to all the three segments of the dashed broken line
on the gure (see the representation of two-dimensional random walks (48)) orrespond
to omparable ontributions into the estimate (53). In ertain ases, haraterized by the
limiting behavior of the ratio m2/L, the ontribution of the segment between the points
(m, 0) and (0, m) an beome dominating.
4 Conlusion
It is shown that the orrelation funtions of the XX Heisenberg magnet, alulated over the
superposition of the eigen-states, as well as over the ferromagneti state, are onneted with
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enumeration of the trajetories made by the walkers moving on the lattie. A relationship
is established between the number of trajetories made by a several viious walkers and the
number of paths made by a single random turns walker on a lattie of a dimension equal
to the number of the viious walkers. Dierentiation of the generating funtion, alulated
over the superposition of the eigen-states, demonstrates a more ompliated ombinatorial
piture than that of the ferromagneti ase. In partiular, the set of the paths made by a
single pedestrian is replaed by the set of trajetories made simultaneously by the prinipal
and virtual (both viious) pedestrians. An estimate is obtained for the number of trajetories
made both by the prinipal and the virtual pedestrians.
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Appendix
Asymptoti expansion for the logarithm of the gamma-funtion at large |z| and | arg z| < pi
has the form [27℄:
log Γ(z + α) =
(
z + α − 1
2
)
log z − z + 1
2
log(2pi)
+
n∑
p=1
(−1)p+1 Bp+1(α)
p(p+ 1)
z−p + O
( 1
zn+1
)
,
(A1)
where n = 1, 2, 3, . . . . The Bernoulli polynomials Bn(α) (A1) are dened as follows:
Bn(α) =
n∑
l=0
C lnBl α
n−l ,
where C ln are the binomial oeients, and Bl are the Bernoulli numbers. The rst Bernoulli
polynomials Bp(α) look as follows:
B0(α) = 1 , B1(α) = α − 1
2
, B2(α) = α
2 − α + 1
6
,
B3(α) = α
3 − 3
2
α2 +
1
2
α , B4(α) = α
4 − 2α3 + α2 − 1
30
,
where the Bernoulli numbers Bl are used:
B0 = 1 , B1 = − 1
2
, B2 =
1
6
, B4 = − 1
30
.
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